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Introduction. When local loads are applied to prefabricated or

It is known that the torsional rigidity of their
elements exerts a significant influence on the spatial
work of the plate-ribbed systems. In reinforced
concrete slab-ribbed systems (bridges, ribbed
monolithic and prefabricated ceilings), flexural and
torsional rigidity is affected by various cracks [1, 2,
9, 10, 13, 16, 20].

monolithic reinforced concrete floors, cracks may
appear in individual beams or slabs, in others they
may be absent. In this case, the torsional and flexural
rigidity in the beams without cracks and with cracks
will differ. It was shown in [2, 16, 20] that the
redistribution of the local load depends in practically
the same manner on both the flexural and torsional
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stiffnesses of the individual elements. This
dependence is significant. Consequently, the
definition of bending and torsion stiffness is an
important and urgent task. Despite this, most
calculations for the design of various structures,
including well-known powerful software complexes,
such as Ansys, Nastran, Lira, are carried out without
taking into account the change in torsional stiffness
resulting from the formation of normal cracks.

The torsional stiffness of individual elements
with normal cracks can be taken into account in the
program complexes mentioned above, when using
volumetric  finite elements. However, when
calculating, for example, the skeleton of a multi-
storey building, a bridge structure or an overlap
consisting of many elements, modeling

Each element (column, beam, plate, etc.) from
volumetric finite elements with the inclusion of
reinforcement elements is very, very laborious and
practically impracticable.

To date, there is a large number of studies on
the flexural rigidity of reinforced concrete elements
with cracks and a very small number of studies of the
torsional stiffness of such elements. Most of the
studies relating to torsion in reinforced concrete are
devoted to the study of the strength of such elements.
The existing methods for determining torsional
stiffness [14, 22, 25, 26] relate mainly to reinforced
concrete elements with spiral cracks under the action
of torsional bending, although experimental studies
have established a significant effect of normal cracks
on the torsional stiffness of reinforced concrete
elements [9, 13] . In addition, in these works we
consider simple types of sections: a rectangle with a
symmetric  reinforcement, a ring, cylindrical
elements. Considering the fact that in practice there
are a variety of types of sections: T-waves, I-beams,
hollow triangles, box-shaped, etc., some studies have
been carried out in this direction at the Odessa State
Academy of Construction [3, 5, 21]. However, these
works are only at the initial stage of research. The
works devoted to the investigation of the torsional
stiffness of reinforced concrete elements with normal
cracks [3, 5, 19, 21] have an approximate and
particular character.

In connection with the foregoing, the purpose
of this article is to develop methods for determining
the torsional stiffnesses of reinforced concrete
elements with normal cracks using algorithms and

software complexes for processing and compressing
arrays of experimental data by replacing them with a
certain analytical expression (approximant) with a
small number of coefficient parameters using known
approximation methods.

Qualitatively new approach when performing
such a replacement is the use of intellectualized
methods of approximation of the function by the best
Chebyshev (uniform) approximation, which is much
more effective and universal than the interpolation
and rms approximation methods.

The main advantage of the Chebyshev method
of approximation in comparison with other methods
of approximation is to ensure the accuracy of the
approximation obtained at a certain set of points of
the approximation interval at all points of this
interval.

The  advantages of the  Chebyshev
approximation allow us to solve with high accuracy
not only the obtaining of an approximant and, as a
result, the compression with large (several orders of
magnitude) data compression coefficients of a
discretely given functional dependence (the direct
approximation problem), but also the task of
restoring the values of the dependence on "unlit”
(Inverse approximation problem).

Developed for the first time in the Institute of
Cybernetics named after VM. Glushkov Institute of
National Academy of Sciences of Ukraine the
apparatus of the best Chebyshev approximation has
been used for many years to solve a large number of
problems and has repeatedly confirmed high
efficiency in comparison with other methods of
approximation (for more details, see [12c, 12d]).

The article also substantiates the significant
influence of the change in the torsional rigidity of the
elements of the structure of the overlap on the
redistribution of forces in individual elements.

Statement of the problem and the algorithm for
its solution. In view of the foregoing, it is important
to develop methods for determining torsional rigidity
that would have general hypotheses for any type of
cross-section, and also include methods for
calculating elements with the presence of both spatial
and inclined and normal cracks.

Consider a reinforced concrete element with a
normal crack, subject to the action of torque (Figure
1).
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Figure 1 - Scheme of a reinforced concrete element with a normal crack subjected to torsion.

After the mental dissection of the longitudinal
reinforcement, the nail strength Q in it is determined
from the compatibility condition of the deformations
at the point of dissection of the reinforcement.

Define the deformations of the element in the
crack according to the procedure [2]. The
discrepancy between the points C and CI (see Figure
1) should be zero at the section of the reinforcement:

Ac =Ay —Ag —Ag, =0
Where is A, the divergence of points from

the action of the external momentM ;A
divergence of points from torsion of the rod by an
unknown nagel force Q; A, - the divergence of

points from the crushing of concrete by the nagal
force Q. Since the concrete is crumpled in both

blocks separated by a crack, the value A, should be

multiplied by 2. If we denote the discrepancies of the
points as a result of the action of the unit nadal force

Q=1 against torsion and on the wrinkling,
respectively A

mind A

ed + Agmed (1) with the above note in

sm» We get the value of the nagel force:

A|\/|'[
AQed +2- Asm,ed

The components Ay, and A, are determined

Q=

using software packages, as will be discussed below.
In this case, use the volumetric finite elements. The

component Ay ., of crushing by a single nagel

force Q can be determined using empirical data [18]:

72 —
=¢,.| 1000 (3 5 +—Q
ds Eb ds Eb

Where (3) @, = 1 for short-

term load action; ds - is the diameter of the

reinforcing bar; E, is the modulus of elasticity of

concrete. In expression (3), in contrast to [18], we do

A

sm,ed

not take into account force of pressing a mortgage to
the concrete because of its absence. The
determination of the amount of displacement from

the crushing Ay ., can be obtained by any other

known theoretical or experimental method. The
essence of the calculation does not change from this.

Expression (2) differs from expression (6.59)
[2] by the absence of a term containing the
displacement from the shear of the reinforcing bar in
the fracture. This is done because the displacement
from the shear of the reinforcing bar in the fracture
turns out to be much smaller (by an order or more)
displacement from the crushing of concrete and it
can be neglected.

After calculating the unknown value of Q, it is
easy to determine the total displacement in the

fracture @, (see Figure 1):
Qe = 2- Asm,ed : Q
Further, a coefficient kt is determined, which is

the ratio of the deformation of an element with a
normal crack to the deformation of an element
without cracks:

k — a‘tot +ae

t ae
Where @, is the displacement from the torsion

of the element without cracks, which is determined
by the formula:

a, = R * P
R is the radius of the turn to the point of

definition of displacement (for a rectangular section
it is almost half the height of the total cross section of

the beam); ¢, - the angle of rotation of an elastic

(without cracks) element Iengthlch equal to the

distance between cracks, determined by the known
formula of the resistance of materials:

M, -l

t Crc

% =G,
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WhereGJt is the torsional stiffness of the
element without cracks.
The value kt is the ratio of the torsional

stiffness of the element without cracks to the rigidity
of the element with cracks, i.e. How many times the
rigidity of an element with normal cracks is less than
its initial stiffness. As can be seen from the above
formulas, it depends on the distance between the
cracks, the diameter of the reinforcement and the

depth of the crack (since the values A, A, of u

depend on the latter).

The advantage of the described approach is its
generality for calculating the rigidity of elements
with normal cracks in any form of cross-section
(rectangular, T-shaped, box-like, etc.), because the

initial data for the calculation are the values A,
A eq » determined from the calculation of the FEM.

In this case, the values AMt AQed , determined once

for a particular section and the height of the
compressed zone, will allow us to determine the
rigidity of an element with different diameters of the
reinforcement.

Let us consider in more detail the definition of

the quantities Ay, A,y and the expression (2).

In the works of the authors of [5, 6, 7, 17], a
series of studies of the torsional stiffness of
reinforced concrete elements of rectangular and T-
sections with normal cracks was carried out. In these
works it was shown that the main part of the problem
of determining the torsional stiffness of a reinforced
concrete element with normal cracks is the
determination of mutual displacement of the crack
edges. This problem can be solved both by an
approximate method [6, 19], and using the finite
element method. One of the disadvantages of solving
this problem, as mentioned above, is the condition of
using a large number of volumetric finite elements,
which complicates both the creation of the
calculation scheme and analysis of the calculation

results, especially since this is only part of the
solution of the general problem of the stress-strain
state Reinforced concrete element with normal
cracks in torsion [5, 6, 19]. At the same time, the use
of the methods of elasticity theory [7] is probably not
possible for all cases of solving the problem [6, 19].

One of the methods for solving the problem of
determining the displacement of fractured edges
during torsion is the method proposed in [4], the use
of which can substantially simplify the solution of
the engineering problem.

Following [4], it can be assumed that the
mutual displacement of the shores of the crack will
be a clear function of the height of the compressed
zone, the height and width of the beam section and
the distance between the cracks, which allows us to
apply the methods of approximation to determine this
dependence. Let us first consider the dependence of
the displacements in a beam of a rectangular cross-
section on two parameters-the width b and the
section height h-for a fixed value of the distance
between the cracks and the height of the zone
compressed from the bend. In this case, perhaps not
for all cases, it is possible to construct a graph of
such a dependence in the form of a certain surface.

Below are examples to explain the derivation of
the approximation dependencies.

Example 1. Let there be a beam of a
rectangular cross-section made of a material with a
modulus of elasticity Eb = 32500 MPa, a shear
modulus of 10000 MPa. The remaining parameters
have

Such values: distance between cracks|, = 400

mm; Height of the compressed zone X=30 mm,
torque T= 1000 N - cm.

Approximation of the required surface in the
Matlab environment is quite simple. The authors
have previously carried out a series of calculations
on the FEM using volumetric finite elements.
Variable parameters and movements are shown in
Table 1.

Table 1

Variable parameters and movements.

Dist. Between | Height of the Displacement of the crack edges (according
Ne P/p ;:racks. compressed zone | b, mm h, mm to FEM) A10° (vn)
crc, MM X, MM
1 60 100 3.104
2 80 100 1.668
3 100 100 1.043
4 60 180 7.614
5 400 30 80 180 3.879
6 100 180 2.305
7 160 180 0.769
8 180 180 0.585
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As a result of processing the initial data in the
Matlab environment, the approximate surface shown

delta

in Fig. 2.

h

Figure 2 - The dependence of the displacement of the crack banks (delta) on
Width (b) and height (h) of the beam section.

To compare the displacements obtained as a
result of the approximation with the displacements
obtained directly from the calculations using the Lira
program using volumetric finite elements, table 2 is
compiled. In column 6 of the table, the values of the
displacements obtained by the FEC (the Lira
program) are given. In column 7 - the displacements

obtained on the basis of approximation in the Matlab
environment. As can be seen from the table, the
values in columns 6 and 7 coincide with a
sufficiently high accuracy, which confirms the
correctness of the adopted approach to the solution of

the problem.

Tabl

e2

Comparison of displacements of crack banks obtained by the Lira program using volumetric finite elements
and the approximation method.

Height of the Displacement
Dist. Between | compressed A-10° (Mm)
NeP/p crackslere(Mm) zonep b (vn) h, (vm) Approxi Error (%)
MCE .
X (Mm) mation
1 2 3 4 5 6 7 8
1 60 140 5.2469 5.3575 2.11
2 80 140 2.72018 2.7735 1.96
3 100 140 1.641188 1.6743 2.02
4 140 140 0.770339 0.8139 5.65
5 60 160 6.40637 6.4858 1.24
6 80 160 3.288858 3.3262 1.14
7 400 30 100 160 1.96683 1.9898 1.17
8 160 160 0.688064 0.6992 1.62
9 120 120 0.89508 0.90685 1.31
10 90 130 1.87789 1.8287 2.62
11 90 150 2.292 2.263 1.29
12 130 150 0.99102 1.0638 7.34
13 150 150 0.71663 0.7994 11.55
A similar approach is fairly simple to apply for cracks. The number of variables for the

elements with any other shape of sections (T-shaped,
I-beams, box-like, etc.), and also with inclined

approximation can be different.
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Creating a library of function approximants
(similar to Table 2, Figure 2) will greatly simplify
the solution of many problems of determining the
stiffness parameters of reinforced concrete elements
with cracks that can enter as a separate block into
existing software systems.

When determining the stiffness parameters of a
reinforced concrete element with normal (or
inclined) torsion cracks, to determine the movements
of any points, it is necessary to compile approximate
expressions (based on a certain number of
calculations using MCEs), in which the cross-
sectional dimensions b and h, the height of the
compressed zone (The height of the zone through

which the torque is transmitted), as well as the length
of the block separated by normal cracks, the angle of
the fracture (in the case of inclined cracks), etc.

For more complex sections, the number of
variable parameters will be larger. For example,
when the height of the compressed zone is within the
edge of the reinforced concrete element of the I-
section (Figure 3), the displacement of the crack
sides (the angle of mutual rotation of the two blocks
separated by a normal crack) will be a function of
seven variables:

Acrcz f(b1,h1,b2; h2: t, hr X).

b1

Y
/7

/]

b2

Figure 3 - Scheme to determine the parameters of the approximant for a reinforced concrete I-section
with a normal crack.

To approximate such functions of several
variables, one can use a software implementation of
one of the algorithms of the apparatus of the best
Chebyshev approximation, described in [12a, 12b,
12¢, 12d].

It should be noted that the database of values of
these parameters of approximants can be obtained for
specific values of the elastic modulus E and the shear
modulus G of concrete. Taking into account that this
problem is linear, to obtain displacements in an
element with other values of elasticity and shear

module, it is easy to multiply them by the ratio of the
corresponding values of the parameters of the
considered construction (or the corresponding
iteration stage) and the values of the parameters
given in the database.

Example 2. Consider the concrete case of
calculating the torsional stiffness of hollow-core
slabs according to the proposed technique. The
section of a hollow-core plate can be represented
with sufficient accuracy in the form shown in Fig. 4.
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Figure 4 - Scheme to determine the approximation parameters for a hollow-core plate with a normal crack.

The function of mutual displacement of the

crack banks in this case will have the form:
Agpe= f(b' h,d,t,A,n),

Where n is the number of voids; The remaining
notations are shown in Fig. 4.

In order to approximate the numerical
experiment data in this case, it is effective to use the
apparatus of the best uniform (Chebyshev)
approximation using generalized polynomials [12a,
12b, 12c, 12d]. Thus, for example, using this
apparatus for a T-element with a width of the upper
flange b1, its thickness h1, the width of the edge b2,
the height of the edge h2, based on a series of Lira
calculations using volumetric finite elements, the
result of a numerical experiment for the angle of
mutual Rotation ¢ of two blocks separated by a
normal crack in the form:

_ —0,00011792h;h, +0,1886524
b,h, +16,95905

Formula (10) makes it possible to calculate the
angle of mutual rotation of the crack edges for any
values of the geometric parameters of the T-element.
It should be noted that this formula was obtained on
the basis of data from a numerical experiment with
varying the geometric data of the T-section at a
specific height of the compressed zone (in this case it
is the thickness of the shelf of the brand). If the
height of the compressed zone also needs to change,
then the rotation angle function ¢ will contain not
four variables (as in formula (10)), but five,
including the height of the compressed zone (the
zone through which torque is transmitted from block
to block). But in any case, once obtained (although
based on a fairly complex set of data from a
numerical experiment), this function can be used in
the design practice as many times as you like.

It should be noted that the advantages of the
above method of determining the torsional stiffness
by creating a database of values of the parameters of
the approximants is also that it allows to take into
account the nonlinear properties of concrete. Taking
into account that the calculation taking into account
the nonlinear properties of materials is carried out
with the help of iterations, then at each step of
iterations new deformation characteristics should be
adopted. In the database, the mutual displacement of

the shores of the normal crack is a function of the
geometric parameters and the height of the zone
compressed from the bending (normal crack height)
of the expression (8) obtained for specific fixed
values of the elastic modulus E and the shear
modulus G of the concrete. Therefore, having
experimental data of these parameters for a particular
case under consideration, at each step of the iteration
we use an expression of the type (8) with correction
for the value of the elasticity and shear module at the
current iteration to these parameters accepted in the
database.

As for the experimental data on the modulus of
elastic modulus of concrete, there are quite a large
number of them in the literature. In contrast,
experimental data on the nonlinear change in the
modulus of shear of concrete were apparently first
obtained under the guidance of the author of the
article [8]. In these works, an experimentally
grounded diagram of concrete displacement having a
small section of the descending branch was
proposed. Data on nonlinear deformation by torsion
are also given in [23, 24, 27].

Thus, we can conclude that, having an
apparatus for determining the torsional stiffness of a
reinforced concrete element with normal cracks,
taking into account the nonlinear properties of
concrete, introducing it as one calculation block into
the program complexes mentioned above, we can
calculate the complex multiple-statically
indeterminate systems (overlaps, Bridges, building
frames, etc.), taking into account the effect of
torsional stiffness on the redistribution of forces
between individual elements of the system.

Example 3. Consider the importance of taking
into account the change in the torsional stiffness of a
rectangular section element depending on the height
of the zone without cracks (the height of the
compressed zone for the beam element) and the
diameter of the longitudinal reinforcement. Table 3

shows the valuesk, for different variants of a
rectangular section element with the following initial
data: E, = 25000 MPa; G = 10000 MPa; b =125

mm; h=250 mm; M, =10 kN *cm; L, =500
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mm. The data of the table are obtained by N.M.
Sribnjak by an approximate method [19].

As can be seen from Table. 3, the torsional
stiffness of an element with normal cracks can be

much less than the rigidity of an element without
cracks, and it depends both on the distance between
the cracks, the height of the zone without cracks, and
on the diameter of the longitudinal reinforcement.

Table 3

Changing the torsional rigidity of a reinforced concrete element with normal cracks as a function of the
diameter of the reinforcement and the height of the cracks.

L e (v3) X (Mm) ds(vam) A (M¥100) | Agey (MM¥10000) K,
500 25 0.8 2.766 7.178 1.63
500 25 1.2 2.766 7.178 1.44
500 25 1.8 2.766 7.178 1.3
500 50 0.8 1.512 4.027 1.56
500 50 1.2 1.512 4.027 1.4
500 50 1.8 1.512 4,027 1.28
500 75 0.8 0.926 2.580 1.48
500 75 1.2 0.926 2.580 1.36
500 75 1.8 0.926 2.580 1.25
250 25 0.8 2.766 7.178 2.27
250 25 1.2 2.766 7.178 1.88
250 25 1.8 2.766 7.178 1.6

After determining the nagel force in the
longitudinal reinforcement and the rigidity of the
reinforced concrete element with normal torsional
fractures, it is easy to determine the concrete strength
of the zone compressed from bending from the action
of torque by the method [3].

Example 4. Let us now consider the effect of
torsional stiffnesses on the spatial work of bridges
and overlaps. Modern methods for calculating the
reinforced concrete structures of bridges and
overlaps take into account the change in flexural
stiffnesses in the course of cracking. Alteration of the
torsional rigidities is almost not paid attention. This
is due, first of all, to a very small study of this issue,
although, as mentioned above, consideration of this
factor is essential for the redistribution of effort
between the elements of bridge structures and

overlaps. Consider, for example, a ribbed system
with a span of 5000 mm with five ribs 250x250 mm
when the middle (third) rib is loaded with a
uniformly distributed load q = 10 KN / m. The
thickness of the shelves connecting the ribs is 50
mm. Suppose that the shelves are connected to the
ribs at the level of the centers of gravity of the latter,
as well as the hinged connection of the shelves
(imitation of the assembled ribbed system). Table 4
shows the values for five different versions of the
torsional stiffness of the first three ribs (from left to
right) of such a ribbed system. The calculations were
made by the method of [2]. To the right of the value
of the bending moments, errors are given with
respect to the basic version, in which the same
torsional stiffness of all ribs of the ribbed system is
provided.

Table 4

Comparison of bending moments [KN - m] in the ribs of a ribbed system when the torsional stiffness of
individual ribs changes

Ne Ribber stiffness values M1 max M2, max M3, max
value g, % value g, % value g, %
All edges of the same section
1 (base version) 3,194 0 6,688 0 11,498 0
The first rib has a torsional rigidity
2 of 2 times less 3,015 6 6,802 1,7 11,540 0,3
The first rib has a torsional
3 stiffness of 4 times less 2,711 18 6,995 45 11,611 1
The second rib has a torsional
4 stiffness of 4 times less 1,085 294 6,486 3,1 12,978 12,8
The second and fourth ribs have a
5 torsional stiffness of 4 times less 1,184 269 7,083 59 14,729 28,1
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It follows from the table that when the torsional
stiffness of one rib is reduced by a factor of 4 (which
is quite possible in real reinforced concrete beams),
bending moments can vary several times (1), Which
imposes a significant imprint on the stress-strain state
of the beam and system in question Whole. Thus, this
simple example shows how important it is to take
into account the change in torsional rigidity in the
beams of bridges and overlapping when normal
cracks form in them.

In spite of the fact that to approximate functions
f of type (8) or (9) it is necessary to carry out a
sufficiently large but finite number of calculations
using software complexes in which the finite element
method with the use of volumetric finite elements is
realized, which may seem complicated, the
advantage of such Approach is obvious, because
Once obtained, such dependencies can be used as
many times as necessary by designers and engineers
to solve specific problems in the manner described
above.

Creating a library of approximants will greatly
simplify the solution of many complex problems,
where the number of such elements would be much
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